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The Elements of Research

The Method of Least Squares

The method of least squares is a statistical method for determining the
best line that represents a linear relationship between the dependent and
independent variables. If there is a unique best line, then it must be
characterized by a unique slope m and a unique intercept b, which are
to be determined. In drawing a line by hand, we judge with our eye the
relative position of the line with respect to the points, as shown for a few
points in Figure 6-2. The residual r, for point (x;, y,) is the difference
in the experimental value for y at x, and the calculated value for y at x,
or

residual = . experimental — Vealculated (6-5)

We assume for the moment that we know the values of the slope m and
the intercept b, so that we can calculate the value of y at each point and
compare it with the measured value

ri=y:— (mx; + b) (6-6)

When we draw by hand the best line through a set of points, we use
our eye to minimize the residuals. The Principle of Least Squares is quite
similar. It can be shown statistically (Young, 1962) that the most probable
values of x; are those that minimize the sum of the squares of residuals.
Let R be the sum of the squares of the residuals so that

R'—'E"i:E()’i‘mxi_b)z (6-7)

As usual for any function, the conditions for the minimum in the function
are

dR R\ .
(%)b =0 and (sg)m =0 (6-8)
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When Equation 6-7 is expanded by squaring, the result is

R=2yI-2m3T xy;i—2b3 y; + m* 3 x? (6-9)
+2m 3 x;b + nb?

3
b
3R
(E) =0-0-23y,+0+2m 3 x;+2nb=0 (6-11)

Equations 6-10 and 6-11 are two equations in two unknowns, m and
b, which may be solved simultaneously to give the required slope and
intercept of the statistically best line:

nZyxi—ZxZy;
nZx?— (2 x)?

slope=m = (6-12)

2x}Zyi—Zx 2 xy
nZx?— (2 x)?

intercept = b = (6-13)

This is the best method of determining the equation of a line, since it is
completely objective. All that is required is the calculation of the four
surhmations that arise in Equations 6-12 and 6-13.

Now let us use the data in Table 6-1 to determine by the method-
of least squares the equation of the line shown in Figure 6-1 (the appro-
priate summations are shown in Table 6-2):

_B2yixi—2 X2y _ 6(90.125) — (12.45)(11.10)

= 6-14
n3x:— (2 x%) 6(121.4125) — (12.45)2 &9
= —1.184
TABLE 6-2
—n
Summations for Six Data Points (n = 6) from Table 6-1
x 'y x? xy
-3.80 8.2 14.4400 —31.1600
-1.20 6.0 1.4400 -17.2000
0.75 33 0.5625 2.4750
3.10 1.6 9.6100 4.9600
5.60 -2.0 31.3600 —11.2000
8.00 —-6.0 64.0000 —48.0000

zZ= 12.45 11.10 121.4125 —90.1250




